We demonstrate that a family of metamaterials, with a designed complex permittivity and permeability such that their index of refraction is real, have anomalous scattering features as opposed to their lossless passive counterparts with the same index of refraction.
INTRODUCTION
Recent developments in optical science have enabled us to create novel artificial materials with exotic transport characteristics by manipulating all four quadrants of the permittivity-permeability − µ plane. These metamaterials have been used for a variety of applications ranging from cloaking and super-lensing to metamaterial antennas and solar photovoltaic.
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In spite of having all these fantastic features, metamaterials are intrinsically prohibitively lossy. An obvious way to overcome this problem is by introducing an amount of gain that offset the intrinsic losses. A possible approach that allows us to achieve this target relies on the notion of PT -symmetry. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] In mathematical terms, the complex index of refraction of such PT -symmetric structures must satisfy the relation n( r) = n * (− r). An alternative pathway to tackle this problem considers the possibility to offset the losses locally by introducing an appropriate amount of gain in a way that the index of refraction n(r) of the medium is real. An obvious question that raises is whether this approach can lead to a medium with transport characteristics that are equivalent to the ones found for a passive lossless medium with the same index of refraction. Obviously, this strategy is successful for the case of a lossy medium with real permeability µ. In this case, the positive value (loss) of the imaginary part of the permittivity can be offset by an equivalent negative term associated with the imposed gain such that the total is equal to zero.
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On the other hand, in plasmonic metamaterials both and µ are complex i.e. = + i and µ = µ + iµ . In this case a real valued index of refraction n can be achieved only if and µ are complex conjugates (with some multiplicative constant ρ 2 where ρ is real). In other words in this case we will have that n = √ µ = ρ|µ| with = ρ 2 µ * This type of media have been introduced in Ref. 27 and have been coined pseudo-passive-media (PPM). The main question addressed in this work was whether they behave similarly to their lossless passive analogues (with the same real refractive index given by Eq. (1) . In other words, in Ref. 27 we have investigated the electromagnetic wave propagation in media whose index of refraction satisfy the relation Eq. (1) and compared the outcomes with the wave propagation in a passive lossless medium with the same index of refraction. Below we provide a concise review of our research reported in Ref.
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The realization of composite structures which consist of a pseudo-passive layer medium is possible in the microwave domain. Specifically, Yuan et al.(2009) 28 have designed and fabricated a class of magnetic metamaterials with tunable permeability in sub-terahertz frequencies. In this proposal the unit cell is composed of a loop that senses the incident magnetic field, an amplifier that boosts the sensed signal, an a driven loop that creates the required magnetization vector. Phase manipulation of magnetization in response to the external H-field enables direct control of the real and imaginary parts of permeability. Subsequently, Choi et al.(2011) 29 demonstrated a broadband metamaterial with controllable and µ in the terahertz regime. They used a strongly coupled thin 'I'-shaped metallic patch (gold/aluminum) which was symmetrically embedded on a dielectric substrate (polyimide). This design allows to control the degree of polarization and magnetization in order to maximize the effective permittivity while the diamagnetic effect is kept suppressed. It is our expectation that a proper combination of the above mechanisms within a unit cell can pave the way to tune the complex permittivity and permeability in a way that satisfies relation Eq. (1).
HOMOGENEOUS MEDIA
A monochromatic wave of frequency ω which is traveling in a 1-D medium is, in general, described by the equation:
where E is the electric field (we assume TE modes). In the case that the permeability is independent of z, i.e. µ(z) = const., the above equation collapses to the well known Helmholtz form:
Notice that Eq. (3) applies, as long as µ(z) = const., irrespective of the fact that and µ are complex and satisfy Eq. (1). It is therefore clear at this point that the solutions of a homogenous PPM are identical to the solutions of an equivalent (i.e. with the same index of refraction) passive lossless medium. For example the stationary solution of the Helmholtz equation (3), in the case of constant index of refraction n, can be written in both cases as a linear superposition of two counter-propagating plane waves:
where k = ω/c is the wave number in the medium.
TRANSFER AND SCATTERING MATRIX FORMALISM
Next we investigate the transport properties of an electromagnetic wave in the case that the PPM medium is bounded. i.e. when there is an interface between a PPM and a standard passive lossless medium (or between two PPM). In the case of TE mode and normal incidence, the Faraday's and Ampere's laws impose the following boundary conditions for the electric field of a traveling electromagnetic wave at the interface between two adjacent media 1 and 2:
Heren is the unit vector perpendicular to the interface. It should be noted that the above boundary conditions are derived in the absence of free electric charge and current. For the monochromatic plane wave E 1,2 = E
where α 12 = n1µ2 n2µ1 . Aside from the TM for a single interface, it is necessary to calculate the transfer matrix associated with the free propagation within a medium with refractive index n. This matrix is basically responsible to keep track of the phase accumulation after a length of L:
In the case of a composite structure consisting of a number of layers, the total TM M is a multiplication of individual TM's as defined by Eqs. (8,9) above. The transmission T and reflection R for the left/right incident waves are then defined as:
We note that in the case that the scattering structure is placed in a uniform surrounding medium det{M} = 1 and thus T L = T R An alternative description of the transport properties of a bounded systems is given by the Scattering Matrix (S). The S-matrix connects the incoming to outgoing waves as:
Each component of S has a physical meaning. In fact, it will be straightforward to show that these matrix elements are related to transmission (t L,R ≡ E
1,2 ) coefficients associated with left(L) and right(R) incidence. Moreover, S matrix can be represented in terms of the transfer matrix components. So, in summary we have:
For a Hermitian system S matrix is unitary and this corresponds to the conservation of energy. In the presence of gain or loss this property will be violated and if we plot the real versus imaginary parts of the eigenvalues of S they deviate from the unity circle. On the other hand, from the definition of S in Eq. (11) we can deduce that its eigenvalues indicate amplification or attenuation of incident beams and could be considered as a locator of lasing/antilasing frequencies.
TRANSMISSION AND REFLECTION FOR A PSEUDO-PASSIVE LAYER
Below we provide various example cases which clearly show that a bounded PPM has different transport characteristics from its corresponding passive lossless medium.
A single PPM embedded in air
We start our analysis with a single PPM embedded in air. The associated transfer matrix that describes the transport of this system is:
where the subscript 0 indicates that the ambient medium is air with index of refraction n 0 = 1 and the subscript p indicates a PPM. The matrices P and K that appear above have been already defined in Eqs. (8, 9) . Direct evaluation of the total M-matrix from Eq. (13) allow us to calculate the transmission and reflection coefficients from Eqs. (12) . We have:
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At the Fabry-Perot (FP) resonances of the PPM layer, the transmittance and reflectance given by Eq. (14) have to satisfied the relations T ≡ |t| 2 = 1 and R ≡ |r L | 2 = 0 respectively. The above condition occurs at frequencies ω FP = k FP c such that sin[k FP n p L] = 0 and guaranties perfect resonance transmission despite the fact that the permittivity and the permeability of the PPM are complex. Notice that in this case the absorption A ≡ 1 − T − R = 0. Instead, at any other frequency we have A = 0. For example, at a frequency which is at the middle of two consecutive FP resonances we get:
Note that A < 0 (see the last equation in (15)) indicates that the presence of a single PPM at this specific frequency leads to amplification. Furthermore it can be shown that although the value of A depends on the frequency, it is nevertheless always negative, i.e. A < 0, for any frequency ω = ω FP . Even more surprising is the fact that the value of A (i.e. degree of amplification) in the FP resonance is independent of the thickness L of the PPM, thus indicating that the origin of the phenomenon is associated with the interface rather than the bulk of the layer.
In order to better understand this feature, we recall that the absorption can be also expressed in terms of the intensities of electric and magnetic fields as:
On the other hand, orthogonality of electric and magnetic fields requires them to compose nodalantinodal pairs inside the PP layer. In other words, when |E| 2 shows an antinodal point for a specific frequency, at the same time |H| 2 will mainly be suppressed within the slab. Let us assume for the shake of the discussion that Im( ) < 0 and ρ = 1. Consequently due to Eq. (1) the permeability of the PPM will be µ = * with Im(µ) > 0. Therefore the electric field inside the layer will be amplified while the magnetic field will be suppressed (due to nodal-antinodal duality). This argumentation together with Eq. (16) leads to the conclusion that A < 0, in agreement to the previous calculations leading to Eq. (15) . Obviously a similar argument applies for the case of Im( ) > 0 corresponding to an amplified magnetic field (and consequently to a suppressed electric field). This feature of PPM can be exploited to design a E/H field selector device.
One PP Defect Embedded at the middle of a passive lossless Bragg Grating
Next we consider the case of a PP defect layer embedded in the middle of a passive lossless Bragg grating (BG). In Fig.(1b) we demonstrate a possible experimental set-up. Before going on with the analysis of the PPM defect it is useful to remind the physics of passive lossless defect layers which Fig. 1b and 1c , but for an attenuating scenario. In this case the electric field has a minimum at the defect layer while the magnetic field has a maximum. (b) The transmission, reflection and absorption versus incident frequency in a frequency domain for which we have sub-unitary transport.
are embedded in a BG. In this case, a resonant mode with resonant frequency inside the band-gap of the BG is created (see Fig. 1a ). The mode is localized around the defect layer and it decays exponentially away from it. At resonance frequency we have complete transmission T = 1 while the reflection is zero i.e. R = 0.
The situation is richer when the defect layer consists of a PPM (see Fig. 1b ). In this case a positive (indicating losses) or negative (indicating gain) value of the absorption A is possible depending of the distribution of the electromagnetic field inside the PPM medium. For example in the case that < 0, an antinodal distribution of the electric field (see Fig. 1b) inside the PPM will lead to amplification i.e. A < 0 and thus T + R = 1 − A > 1. Note that in this case the magnetic field will have a nodal distribution inside the PPM layer (see Fig. 1b) . In Fig. 1c we also report the transmission, reflection and absorption for the case of super-unitary transport. These results have to be compared with the data shown in Fig. 1a where we report the transport characteristics of an equivalent set-up where the PPM defect layer has been substituted with a lossless passive layer with the same index of refraction.
The opposite phenomenon, i.e. attenuation, will occur when the electric field has a nodal point inside the PPM. In this case, the associated magnetic field will show an antinodal distribution. Then according to Eq. (16), and after taking into account that µ > 0, we get A > 0. This scenario is nicely depicted in Fig. 2 . Therefore, a single defect PPM embedded in a BG can result in super (sub)-unitary transmission/reflection features.
The amplification/attenuation process can be understood better by introducing the relative intensity function (RIF) Θ( , ω) defined as the ratio of the total intensity of outgoing waves to the incoming ones:
Here E ± L and E ± R are the left/right (+/−) moving electric fields on each side of the Bragg grating. The above expression can be written in terms of transfer matrix elements:
where we have used the fact that the determinant of M is unity. Whenever Θ( , ω) > 1 we have an overall amplification of the incident waves while in the opposite case of Θ( , ω) < 1 the system attenuates the incident waves.
The extreme cases corresponding to Θ( , ω) → ∞ and Θ( , ω) → 0 are of specific interest. The former case indicates a lasing action of our system while the latter indicates a complete absorption and a width equal to dp = 0.1309µm, whereas the white color represents the passive layers owning a size of d = 0.3023µm with = 3 and µ = 1.
of the incident waves. Using Eq. (18) we can further work out the conditions for which we have lasing action or complete absorption. Specifically we have that the lasing action occurs for the values of frequency ω L and for which the following condition is satisfied
We note that this condition is equivalent to the condition for the existence of poles of the scattering matrix S, see Eq. (12) . On the other hand the requirement Θ( , ω) = 0 for complete absorption can be satisfied for the values of frequency ω CP A and for which the numerator in Eq. (18) is equal to zero. In other words,
R have to be satisfied simultaneously. A sufficient condition for this to happen is that:
where we have excluded the real frequencies for which M 22 = 0 since they correspond to a lasing action (see Eq. (19).
Bragg Grating Composed of Pseudo-Passive and Passive Bilayers
The anomalous transport characteristics of PPM layers can be further enhanced in the case of a BG with one of its composite layers substituted by a PPM. In this case the photons associated with the Fabry-Perot (FP) modes at the edges of the bands have slow group velocity and therefore can be exposed more to the presence of the PPM layers. As a result the super/sub-unitary transmission features, discussed previously in the case of a single PPM defect, will be further enhanced for FP modes at the edges of the band. An example of such a behavior is shown in Fig. 4 where at the upper band edge of the lower band we observe a Fabry-Perot (FP) mode with sub-unitary transmission while at the lower edge of the next band we have a super-unitary FP mode. Here, without loss of generality, we assumed < 0 and µ > 0.
In the Fig. 4 we also report the the distribution of the electric and magnetic field profiles inside the whole BG. As discussed previously, we find that on the upper band edge the electric field is suppressed on the PP layers, while at the same layers the magnetic field is enhanced. Then using Eq. (16) and following the same argumentation as previously we are able to justify the sub/super unitary transmission occuring at the band-edges.
CONCLUSIONS
In conclusion we have investigated the transport properties of a medium with locally balanced gain and loss. Although the permittivity and the permeability of this medium are complex, the associated index of refraction is real valued. We have shown that the scattering properties of such medium are extraordinary and completely different from the scattering properties of a lossless passive medium with the same index of refraction. Instead, when this medium is unbounded (infinite medium) its transport properties are similar to the ones of its lossless passive analogue. Potential realizations of such medium in the sub-THz and THz domain are also discussed.
